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VIRASORO REPRESENTATIONS WITH CENTRAL CHARGES 12 AND 1 ON
THE REAL NEUTRAL FERMION FOCK SPACE F⊗
1
2
IANA I. ANGUELOVA
Abstract. We study a family of fermionic oscillator representations of the Virasoro algebra via
2-point-local Virasoro fields on the Fock space F⊗
1
2 of a neutral (real) fermion. We obtain the
decomposition of F⊗
1
2 as a direct sum of irreducible highest weight Virasoro modules with central
charge c = 1. As a corollary we obtain the decomposition of the irreducible highest weight Virasoro
modules with central charge c = 1
2
into irreducible highest weight Virasoro modules with central
charge c = 1. As an application we show how positive sum (fermionic) character formulas for the
Virasoro modules of charge c = 1
2
follow from these decompositions.
1. Introduction
This paper is a continuation of [Ang14], and is a part of a series studying various particle corre-
spondences in 2 dimensional conformal field theory from the point of view of chiral algebras (vertex
algebras) and representation theory. The study of fermionic oscillator representations of the Virasoro
algebra (V ir) is long-standing, dating back to [Fre81], [FF83], [GOS85], [GNO85], [GKO86], [KR87],
[FFR91], and many others. What was new in [Ang14] is that we used 2-point-local (local at both
z = w and z = −w as opposed to just local at z = w) Virasoro fields generating the fermionic oscillator
representations. In particular, in [Ang14] we constructed a 2-parameter family (depending on parame-
ters λ, b ∈ C) of 2-point-local Virasoro fields with central charge −2+12λ−12λ2 on the fermionic Fock
space F⊗
1
2 of the real fermion. In this paper we study the nature of these representations depending
on the parameters, and their decomposition into irreducible modules. We show that for particular
choices of the parameters (λ, b) these two-point local Virasoro field representations can produce each
one of the well known discrete series of Virasoro representations. Another important and interesting
particular case of the parameters is that of λ = 12 , i.e., central charge 1, and b ∈ 1√2Z. For this
choice of (λ, b) we obtain the decomposition of F⊗
1
2 into irreducible highest weight modules for V ir
of central charge 1. It is well known (going back to D. Friedan and I. Frenkel) that F⊗
1
2 is a natural
highest weight module for V ir of central charge 12 via a one-point local Virasoro field, and as such it
decomposes into two irreducible highest weight modules for V ir of central charge 12 (these are well
known as two of the Ising minimal models). We show how each of these irreducible V ir highest weight
modules of central charge 12 decomposes into irreducible V ir highest weight modules of central charge
1. As an application, this allows us to directly write a positive sum (fermionic) character formula
for these irreducible highest weight modules for V ir of central charge 12 . There has been extensive
research on positive sum (fermionic) Virasoro character formulas, see for instance [KKMM93], [FQ97],
[BF00], [Wel05], [FFW08]. Fermionic-type character formulas are known for all the Virasoro minimal
models (the discrete Virasoro series), although the vertex algebra (field theory) foundation for such
character formulas is still lacking in the general case. It is new here that we obtain these specific
fermionic formulas as a direct result of the decomposition of the charge 12 ”1-point-local” modules
into charge 1 ”2-point-local” modules (i.e., we explicitly use multi-local fields and twisted vertex alge-
bra techniques). We hope that such approach is possible also more generally for the discrete Virasoro
series by using quasi-particle Fock spaces in the place of a single real fermionic Fock space of central
charge 12 . After bosonising such quasi-particle Fock spaces, the idea is then to obtain a decomposition
of the irreducible modules representing the one-point local Virasoro field of discrete-series-type central
charge into irreducible modules representing multi-local Virasoro fields of charge 1.
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2. Notation and background
We use the term ”field” to mean a series of the form
(2.1) a(z) =
∑
n∈Z
a(n)z
−n−1, a(n) ∈ End(V ), such that a(nv)v = 0 for any v ∈ V, nv ≫ 0.
Let
(2.2) a(z)− :=
∑
n≥0
anz
−n−1, a(z)+ :=
∑
n<0
anz
−n−1.
Definition 2.1. (Normal ordered product) Let a(z), b(z) be fields on a vector space V . Define
(2.3) :a(z)b(w) := a(z)+b(w) + (−1)p(a)p(b)b(w)a−(z).
One calls this the normal ordered product of a(z) and b(w).
Remark 2.2. Let a(z), b(z) be fields on a vector space V . Then :a(z)b(λz) : and :a(λz)b(z) : are well
defined fields on V for any λ ∈ C∗.
Definition 2.3. ([ACJ14]) (2-point-local fields) We say that a field a(z) on a vector space V is
even and 2-point self-local at (1;−1), if there exist n0, n1 ∈ N such that
(2.4) (z − w)n0(z + w)n1 [a(z), a(w)] = 0.
In this case we set the parity p(a(z)) of a(z) to be 0.
We set {a, b} = ab+ ba.We say that a field a(z) on V is 2-point self-local at (1;−1) and odd if there
exist n0, n1 ∈ N such that
(2.5) (z − w)n0 (z + w)n1{a(z), a(w)} = 0.
In this case we set the parity p(a(z)) to be 1. For brevity we will just write p(a) instead of p(a(z)).
Finally, if a(z), b(z) are fields on V , we say that a(z) and b(z) are 2-point mutually local at (1;−1) if
there exist n0, n1 ∈ N such that
(2.6) (z − w)n0(z + w)n1
(
a(z)b(w)− (−1)p(a)p(b)b(w)a(z)
)
= 0.
For a rational function f(z, w), with poles only at z = 0, z = ±w, we denote by iz,wf(z, w) the
expansion of f(z, w) in the region |z| ≫ |w| (the region in the complex z plane outside the points
z = ±w), and correspondingly for iw,zf(z, w). The mathematical background of the well-known and
often used (both in physics and in mathematics) notion of Operator Product Expansion (OPE) of
product of two fields for case of usual locality (N = 1) has been established for example in [Kac98],
[LL04]. The following lemma extended the mathematical background to the case of 2-point locality
(in fact to N -point locality, for N ∈ N):
Lemma 2.4. ([ACJ14]) (Operator Product Expansion (OPE))
Let a(z), b(w) be 2-point mutually local. Then exists fields cjk(w), j = 0, 1; k = 0, . . . , nj − 1, such
that we have
(2.7) a(z)b(w) = iz,w
n0−1∑
k=0
c0k(w)
(z − w)k+1 + iz,w
n1−1∑
k=0
c1k(w)
(z + w)k+1
+ :a(z)b(w) : .
We call the fields cjk(w), j = 0, 1; k = 0, . . . , nj − 1 OPE coefficients. We will write the above OPE
as
(2.8) a(z)b(w) ∼
n0−1∑
k=0
c0k(w)
(z − w)k+1 +
n1−1∑
k=0
c1k(w)
(z + w)k+1
.
The ∼ signifies that we have only written the singular part, and also we have omitted writing
explicitly the expansion iz,w, which we do acknowledge tacitly. Often also the following notation is
used for short:
(2.9) ⌊ab⌋ = a(z)b(w)− : a(z)b(w) := [a(z)−, b(w)],
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i.e., the contraction of any two fields a(z) and b(w) is in fact also the iz,w expansion of the singular
part of the OPE of the two fields a(z) and b(w).
The OPE expansion in the multi-local case allowed us to extend the Wick’s Theorem (see e.g.,
[BS83], [Hua98]) to the case of multi-locality (see [ACJ14]), and we will use it in what follows, together
with the Taylor Expansion Lemma (see [ACJ14]).
3. The Fock space F⊗
1
2 and 2-point-local field representations of V ir
We recall the definitions and notations for the Fock space F⊗
1
2 as in [Fre81], [DJKM81a], [Kac90],
[Wan99b]; in particular we follow the notation of [Wan99b], [Wan99a].
Consider a single odd self-local field φD(z), which we index in the form φD(z) =
∑
n∈Z+ 12 φ
D
n z
−n− 12 .
The OPE of φD(z) is given by
(3.1) φD(z)φD(w) ∼ 1
z − w.
This OPE completely determines the commutation relations between the modes φDn , n ∈ Z+ 12 :
(3.2) {φDm, φDn } := φDmφDn + φDn φDm = δm,−n1.
and so the modes generate a Clifford algebra ClD . The field φ
D(z) is usually called a “real neutral
fermion field”. The Fock space, denoted by F⊗
1
2 , of the field φD(z) is the highest weight module of
ClD with vacuum vector |0〉, so that φDn |0〉 = 0 for n > 0. This well known Fock space is often called
the Fock space of the free real neutral fermion (see e.g. [DJKM81b], [FFR91], [KW94], [KWY98],
[Wan99a], [Wan99b], [RT12]). F⊗
1
2 has basis
(3.3) {φD−nk− 12 . . . φ
D
−n2− 12φ
D
−n1− 12 |0〉, |0〉| where nk > · · · > n2 > n1 ≥ 0, ni ∈ Z≥0, i = 1, 2, . . . , k}
We recall the various gradings on F⊗
1
2 . The space F⊗
1
2 has a well known Z2 grading given by k mod 2,
F⊗
1
2 = F
⊗ 1
2
0¯
⊕ F⊗
1
2
1¯
,
where F
⊗ 1
2
0¯
(resp. F
⊗ 1
2
1¯
) denote the even (resp. odd) components of F⊗
1
2 . This Z2 grading can be
extended to a Z≥0 grading L˜, called “length”, by setting
(3.4) L˜(φD−nk− 12 . . . φ
D
−n2− 12φ
D
−n1− 12 |0〉) = k.
Using the Z2 grading the space F
⊗ 1
2 can be given a super-vertex algebra structure, as is known from
e.g. [FFR91], [KW94], [Kac98].
In [ACJ13] and [Ang14] we introduced a Z grading dg on F⊗
1
2 by assigning dg(|0〉) = 0 and
dg(φD−nk− 12 . . . φ
D
−n2− 12φ
D
−n1− 12 |0〉) = #{i = 1, 2, . . . , k|ni = odd} −#{i = 1, 2, . . . , k|ni = even}.
Denote the homogeneous component of degree dg = n ∈ Z by F⊗
1
2
(n) , hence as vector spaces we have
(3.5) F⊗
1
2 = ⊕n∈ZF⊗
1
2
(n) .
We define the special vectors vn ∈ F⊗
1
2
(n) by
v0 = |0〉 ∈ F⊗
1
2
(0 ) ;(3.6)
vn = φ
D
−2n+1− 12
. . . φD−3− 12
φD−1− 12
|0〉 ∈ F⊗ 12(n) , for n > 0;(3.7)
v−n = φD−2n+2− 12
. . . φD−2− 12
φD− 12
|0〉 ∈ F⊗ 12(−n), n > 0.(3.8)
Note that the vectors vn ∈ F⊗
1
2
(n) have minimal length L˜ = |n| among the vectors within F
⊗ 1
2
(n) , and
they are in fact the unique (up-to a scalar) vectors minimizing the length L˜, such that the index nk
is minimal too (nk is identified from the smallest index appearing). One can view each of the vectors
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vn as a vacuum-like vector in F
⊗ 1
2
(n) , see below, and the dg grading as the analogue of the ”charge”
grading.
Note also that the super-grading derived from the second grading dg is compatible with the super-
grading derived from the first grading L˜, as dg mod 2 = L˜ mod 2.
Lastly, we recall the grading degh (from [Ang14])) on each of the components F
⊗ 1
2
(n) for each n ∈ Z.
Consider a monomial vector v = φD−nk− 12
. . . φD−n2− 12
φD−n1− 12
|0〉 from F⊗
1
2
(n) . One can view this vector
as an ”excitation” from the vacuum-like vector vn, and count the ni that should have been in v as
compared to vn, and also the ni that should not have been in v as compared to vn. Thus the grading
degh (one can think of it as ”energy”) is defined as
degh(v) =
∑
{⌊nl + 1
2
⌋ | nl that should have been there but are not}
+
∑
{⌊nl + 1
2
⌋ | nl that should not have been there but are};
here
⌊
x
⌋
denotes the floor function, i.e.,
⌊
x
⌋
denotes the largest integer smaller or equal to x. Denote
by F
⊗ 1
2
(n,k) the linear span of all vectors of grade degh = k in F
⊗ 1
2
(n) .
Recall the Heisenberg algebra HZ with relations [hm, hn] = mδm+n,01, m,n integers. We proved
in [Ang14] (and by the less traditional bicharacter construction in [Ang13]) that each F
⊗ 1
2
(n) is an
irreducible highest weight module for the Heisenberg algebra via a 2-point-local field:
Proposition 3.1. ([Ang13], [Ang14]) The 2-point-local field hD(z) given by:
(3.9) hD(z) =
1
2
: φD(z)φD(−z) :
has only odd-indexed modes (hD(z) = −hD(−z)), hD(z) =∑n∈Z hnz−2n−1, and has OPE with itself
given by:
(3.10) hD(z)hD(w) ∼ zw
(z2 − w2)2 ∼
1
4
1
(z − w)2 −
1
4
1
(z + w)2
.
Hence its modes, hn, n ∈ Z, generate the Heisenberg algebra HZ. The neutral real fermion Fock space
F⊗
1
2 is thus a module for HZ via this 2-point-local field representation and decomposes into irreducible
highest weight modules for HZ under this action as follows:
(3.11)
F⊗
1
2 = ⊕m∈ZF⊗
1
2
(m)
∼= ⊕m∈ZBm, where F⊗
1
2
(m)
∼= Bm, Bm ∼= C[x1, x2, . . . , xn, . . . ], ∀ m ∈ Z.
Recall the well-known Virasoro algebra V ir, the central extension of the complex polynomial vector
fields on the circle. The Virasoro algebra V ir is the Lie algebra with generators Ln, n ∈ Z, and central
element C, with commutation relations
(3.12) [Lm, Ln] = (m− n)Lm+n + δm,−n (m
3 −m)
12
C; [C,Lm] = 0, m, n ∈ Z.
Equivalently, the 1-point-local Virasoro field L(z) :=
∑
n∈Z Lnz
−n−2 has OPE with itself given by:
(3.13) L(z)L(w) ∼ C/2
(z − w)4 +
2L(w)
(z − w)2 +
∂wL(w)
(z − w) .
We denote by M(c, h) the irreducible highest weight V ir module with central charge c ∈ C, where
h ∈ C is the weight of the operator L0 acting on the highest weight vector vh, i.e., M(c, h) is an
irreducible V ir module generated by a vector vh ∈M(c, h) with Cvh = cvh, Lnvh = 0 for any n > 0,
and L0vh = hvh. (Note that in some of the literature such V ir modules are called ”lowest weight”,
instead of ”highest weight”, here we follow the convention of Kac, as in [Kac80], [KR87], [Kac90]).
The seminal paper [FF83] (using the Kac determinant formula, [Kac80]) delineates the cases where
M(c, h) is a quotient by a nontrivial factor of the corresponding Verma module VM(c, h), as opposed
to the ”generic” cases where M(c, h) ∼= VM(c, h).
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Denote the formal character of a highest weight module V with highest weight (c, h) to be
chV irq V := trV q
L0 :=
∑
j∈Z+
(dimVh+j)q
h+j ,
where Vh+j is the eigenspace of L0 of weight h+ j.
It is well known that F⊗
1
2 is a module for the Virasoro algebra with central charge c = 12 (see for
example [FFR91], [KW94], [Wan99a]) via the 1-point local Virasoro field L1/2(z) given by
(3.14) L1/2(z) =
1
2
: ∂zφ
D(z)φD(z) : .
Furthermore, it is well known that as Vir modules
F
⊗ 1
2
0¯
∼= M
(
1
2
, 0
)
; F
⊗ 1
2
1¯
∼=M
(
1
2
,
1
2
)
; F⊗
1
2 ∼= M
(
1
2
, 0
)
⊕M
(
1
2
,
1
2
)
.
In [Ang14] we proved the following Jacobi identity holds:
Proposition 3.2. (Corollary to Proposition 3.1) Define the graded dimension (character) of the Fock
space F = F⊗
1
2 as
chF := trF q
L
1/2
0 zh0 .
We have
chF =
∞∏
i=1
(1 + zq2i−1+
1
2 )(1 + z−1q2i−2+
1
2 )(3.15)
=
1∏∞
i=1(1− q2i)
∑
n∈Z
znq
n
2 qn
2
.(3.16)
By comparing the two identities we get the Jacobi identity
(3.17)
∞∏
i=1
(1− q2i)(1 + zq2i− 12 )(1 + z−1q2i− 32 ) =
∑
m∈Z
zmq
m(2m+1)
2 .
Observe that we can specialize the graded dimension chF to the Virasoro character by evaluating
at z = 1:
Corollary 3.3.
chV irq F = chqM
(
1
2
, 0
)
+ chqM
(
1
2
,
1
2
)
=
∞∏
i=0
(1 + q
1
2 qi)(3.18)
=
1∏∞
i=1(1− q2i)
∑
n∈Z
qn
2+n2 .(3.19)
If we use the q-Pochhammer symbol notation,
(a; q)∞ :=
∞∏
i=0
(1− aqi); (a; q)m :=
m−1∏
i=0
(1− aqi), with (a; q)0 := 1;
we can rewrite the first formula (3.18)
chV irq F = chqM
(
1
2
, 0
)
+ chqM
(
1
2
,
1
2
)
= (−q 12 ; q)∞.
The formula (3.18) is well known (going back to I. Frenkel and D. Friedan, as well as [FF83]), but
here we obtain it as a direct evaluation at z = 1 of the formula (3.15). We can refine the proof of
(3.16) from [Ang14] to obtain separate formulas for chqM
(
1
2 , 0
)
and chqM
(
1
2 ,
1
2
)
:
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Proposition 3.4.
chqM
(
1
2
, 0
)
=
1∏∞
i=1(1− q2i)
∑
n∈Z
n even
qn
2+n2 ;(3.20)
chqM
(
1
2
,
1
2
)
=
1∏∞
i=1(1− q2i)
∑
n∈Z
n odd
qn
2+n2(3.21)
These formulas have all positive coefficients in their sum, as
1∏∞
i=1(1− qi)
=
∑
k≥0
p(k)qk,
where p(k) is the number of partitions 0 < k1 ≤ · · · ≤ kl of k = k1 + · · ·+ kl. Such formulas as (3.20)
and (3.21) are called fermionic (see e.g. [KKMM93]), to distinguish them from the character sums
with alternating sign coefficients (as in [RC85]), which are called bosonic.
Proof: We have, as vector spaces, that
M
(
1
2
, 0
)
∼= F⊗
1
2
0¯
= ⊕ n∈Z
n even
F
⊗ 1
2
(n) ; M
(
1
2
,
1
2
)
∼= F⊗
1
2
1¯
= ⊕ n∈Z
n odd
F
⊗ 1
2
(n) .
We can now use the decomposition of each F
⊗ 1
2
(n) into F
⊗ 1
2
(n,k) by degh. From Proposition 3.1 it follows
that a basis for F
⊗ 1
2
(n,k) is given by the elements vh,n,~k = h−kl . . . h−k1vn with indecies varying with
partitions 0 < k1 ≤ · · · ≤ kl of k = k1 + · · ·+ kl. First, we have
L
1/2
0 v0 = L
1/2
0 |0〉 = 0
L
1/2
0 vn = L
1/2
0 φ
D
−2n+1− 12 . . . φ
D
−3− 12φ
D
−1− 12 |0〉
=
(
(1 +
1
2
) + (3 +
1
2
) + · · ·+ (2n− 1 + 1
2
)
)
vn = (n
2 +
n
2
)vn, for n > 0;
L
1/2
0 v−n = L
1/2
0 φ
D
−2n+2− 12
. . . φD−2− 12
φD− 12
|0〉
=
(
(0 +
1
2
) + (2 +
1
2
) + (4 +
1
2
) + · · ·+ (2n− 2 + 1
2
)
)
v−n = (n2 − n
2
)v−n, for n > 0.
Now a direct calculation shows that ([Ang14]):
(3.22)
: hD(w)2 :=: hD(w)hD(w) :=
1
4
: (∂−wφD(−w))φD(−w) : +1
4
: (∂wφ
D(w))φD(w) : − 1
2w
hD(w).
We can calculate by direct use of Wick’s Theorem the OPE between : hD(z)2 : and hD(w), and thus
by use of the equation above the commutator of L
1/2
0 and h
D(w); and we obtain that
(3.23) [L
1/2
0 , h
D
k ] = −2khDk .
Hence
L
1/2
0 vh,0,~k = L
1/2
0 h−kl . . . h−k1vn = (2k1 + · · ·+ 2kl) vh,0,~k;
L
1/2
0 vh,n,~k = L
1/2
0 h−kl . . . h−k1vn =
(
2k1 + · · ·+ 2kl + n2 + n
2
)
vh,n,~k for n > 0;
L
1/2
0 vh,−n,~k = L
1/2
0 h−kl . . . h−k1v−n =
(
2k1 + · · ·+ 2kl + n2 − n
2
)
vh,−n,~k for n > 0.
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Now since there are p(k) such elements for partitions 0 < k1 ≤ · · · ≤ kl of k = k1 + · · ·+ kl, we have
for F
⊗ 1
2
0¯
∼=M
(
1
2 , 0
)
chqM
(1
2
, 0
)
= tr
F
⊗ 1
2
0¯
qL
1/2
0 =
∑
k≥0
p(k)q2k +
∑
n,k∈Z+
n even
p(k)
(
q2k+n
2+n2 + q2k+n
2−n2
)
=
∑
k∈Z,k≥0
p(k)q2k ·

1 + ∑
n∈Z+
n even
(
qn
2+n2 + qn
2−n2
)
=
1∏∞
i=1(1− q2i)
∑
n∈Z
n even
qn
2+n2 .
The calculation for F
⊗ 1
2
1¯
∼= M
(
1
2 ,
1
2
)
is even simpler. 
We now turn to the new representations in this paper, the 2-point local Virasoro field representations
on the Fock space F⊗
1
2 . In [Ang14] we proved that besides L1/2(z) there is a 2-parameter family of
2-point-local Virasoro fields on F⊗
1
2 :
Proposition 3.5. ([Ang14]) The 2-point-local field
(3.24) L1(z2) :=
1
2z2
: hD(z)hD(z) :
has only even-indexed modes, L1(z2) :=
∑
n∈Z L
1
n(z
2)−n−2 and its modes Ln satisfy the Virasoro
algebra commutation relations with central charge c = 1:
[Lm, Ln] = (m− n)Lm+n + δm,−n (m
3 −m)
12
.
Equivalently, the 2-point-local field L1(z2) has OPE with itself given by:
(3.25) L1(z2)L1(w2) ∼ 1/2
(z2 − w2)4 +
2L1(w2)
(z2 − w2)2 +
∂w2L
1(w2)
(z2 − w2) .
Furthermore, the 2-point-local field
(3.26) Lλ,b(z2) := L1(z2)+
1− 2λ
4z2
∂zh
D(z)− b
z3
hD(z)+
(
b + 1−2λ4
)2 − 4 (1−2λ4 )2
2z4
=
∑
n∈Z
Lλ,bn (z
2)−n−2
is a Virasoro field for every λ, b ∈ C with central charge −12λ2 + 12λ − 2. If λ = 12 , b = 0,
L
1
2 ,0(z2) = L1(z2).
We now turn to the types of V ir representations these 2-point-local Virasoro fields generate on
F⊗
1
2 , depending on the choices of the parameters (λ, b). First, observe that these representations of
V ir, although of course expressible as 2-point local fermionic oscillator representations through the
generating field φD(z) (see (3.22)), are in fact only dependent on the descendent Heisenberg field
hD(z) from Proposition 3.1. It is then immediate that each F
⊗ 1
2
(n) for n ∈ Z is also a submodule for
these 2-point-local V ir representations, and is in fact a highest weight module:
(3.27) Lλ,bm vn = 0, for any m,n ∈ Z, where m > 0,
and we have for the highest weight vectors vn (n ∈ Z)
Lλ,b0 vn =
(
n2
2
− bn− (1− 2λ
4
)n+
(
b+ 1−2λ4
)2 − 4(1−2λ4 )2
2
)
vn
=
((
b+ 1−2λ4 − n
)2
2
− 2
(
1− 2λ
4
)2)
vn.
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Observe that
c = 1 only for λ =
1
2
; c = −12λ2 + 12λ− 2 < 1 for λ ∈ R \ {1
2
}.
For ”generic” cases of real 0 ≤ c ≤ 1 and h the Verma modules VM(c, h) are irreducible representations
([Kac80], [FF83]), and for those ”generic” (c, h) we have F
⊗ 1
2
(n)
∼= VM(c, h) = M(c, h). Furthermore,
one is of course interested in the cases where the representation is unitary, and that leaves only the
discrete series (see [FQS84], and e.g. [KR87]), or the case of c = 1 (see e.g. [Kac80], [FF83], [FQS84],
[KR87]). For F
⊗ 1
2
(n) to be of discrete series type we need to have ([Kac80], [FF83], [FQS84], [KR87]):
c = −12λ2 + 12λ− 2 = 1− 6
(m+ 2)(m+ 3)
, for m ∈ Z≥0,
h = hr,s =
((m+ 3)r − (m+ 2)s)2 − 1
4(m+ 2)(m+ 3)
for r, s ∈ Z+, 1 ≤ s ≤ r ≤ m+ 1;
which here gives us
(1− 2λ)2 = 2
(m+ 2)(m+ 3)
.
Now we have to consider for such λ also the highest weight h, which gives us(
b+ 1−2λ4 − n
)2
2
=
((m+ 3)r − (m+ 2)s)2
4(m+ 2)(m+ 3)
for some r, s ∈ Z+, 1 ≤ s ≤ r ≤ m+ 1;
and thus(
b+ 1−2λ4 − n
1−2λ
4
)2
= 4 ((m+ 3)r − (m+ 2)s)2 , for r, s ∈ Z+, 1 ≤ s ≤ r ≤ m+ 1.
Hence we can find b ∈ R which will produce a discrete-series-type representation on F⊗ 12(n) . To sum-
marize, if the parameters (λ, b) satisfy
(2λ− 1) = ±
√
2
(m+ 2)(m+ 3)
, for m ∈ Z+;
(b− n) = ±2 ((m+ 3)r − (m+ 2)s)± 1
2
√
2(m+ 2)(m+ 3)
, for r, s ∈ Z+, 1 ≤ s ≤ r ≤ m+ 1;
then the submodule F
⊗ 1
2
(n) belongs to the discrete series. Thus we can choose values of the parameters
(λ, b) to produce a 2-point local fermionic oscillator field representation of each of the discrete series
Virasoro modules.
Next we consider the case of c = 1, i.e., λ = 12 . In this case we either have
L
1
2 ,b
0 vn =
(b− n)2
2
vn =
m2
4
vn, for some m ∈ Z;
i.e.,
(3.28) (b− n)2 = m
2
2
, for some m ∈ Z;
or the submodule F
⊗ 1
2
(n) is irreducible. It is clear that if for some n1 ∈ Z the parameter b satisfies
(3.29) (b − n1)2 = m
2
2
, for some m ∈ Z;
then for all other n ∈ Z, n 6= n1, we have (b − n)2 6= m22 , for any m ∈ Z. Hence if the module F
⊗ 1
2
(n1 )
is indeed reducible, then for all other n ∈ Z, n 6= n1, F⊗
1
2
(n) will be irreducible. Thus, when λ =
1
2 we
either have (b− n)2 6= m22 , for any n,m ∈ Z and thus all modules F
⊗ 1
2
(n) are irreducible (we call such b
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”generic”). Or exactly one the modules F
⊗ 1
2
(n1 )
is completely reducible, the others are irreducible. The
general structure of these reducible highest V ir modules with central charge 1 is well known from
[FF83] (see also [KR87]), but here we can actually describe explicitly the singular vectors generating
the submodules. We can without loss of generality assume that for λ = 12 the one reducible submodule
is F
⊗ 1
2
(0 ) (i.e., b
2 = m
2
2 , for some m ∈ Z), and thus the other F
⊗ 1
2
(n) , n 6= 0, are irreducible.
Lemma 3.6. Let λ = 12 , b =
m√
2
, m ∈ Z is fixed.
Case I. For m ≥ 0, the following vectors in F⊗
1
2
(0 ) , indexed by k ∈ Z, k ≥ 0, exhaust all singular
vectors for the two-point local V ir representation on F
⊗ 1
2
(0 ) :
v˜m,0 = v0 = |0〉, for k = 0;
v˜m,k = φ
D
−2(k+m)+1− 12φ
D
−2(k+m−1)+1− 12 . . . φ
D
−2m−1− 12φ
D
−2(k−1)− 12φ
D
−2(k−2)− 12 . . . φ
D
− 12 |0〉, for k > 0.
We have
L
1
2 ,
m2
2
j v˜m,k = 0, for any j > 0, k ≥ 0;
L
1
2 ,
m2
2
0 v˜m,k =
1
4
(m+ 2k)2v˜0,k.
Case II. For m < 0, the following vectors in F
⊗ 1
2
(0 ) , indexed by k ∈ Z, k ≥ −m, exhaust all singular
vectors for the two-point local V ir representation on F
⊗ 1
2
(0 ) :
v˜m,−m = v0 = |0〉, for k = −m;
v˜m,k = φ
D
−2(k+m)+1− 12φ
D
−2(k+m−1)+1− 12 . . . φ
D
−1− 12φ
D
−2(k−1)− 12 . . . φ
D
2(m−1)− 12φ
D
2m− 12 |0〉, for k > −m.
We have
L
1
2 ,
m2
2
j v˜m,k = 0, for any j > 0, k ≥ −m;
L
1
2 ,
m2
2
0 v˜m,k =
1
4
(m+ 2k)2v˜0,k.
The proof is by direct calculation and we omit it.
Proposition 3.7. Case I. Let λ = 12 , b is generic, i.e., b 6= n1 + m√2 for any m,n1 ∈ Z. Then as
Virasoro modules with central charge c = 1
F
⊗ 1
2
0¯
= ⊕ n∈Z
n even
M
(
1,
(b − n)2
2
)
; F
⊗ 1
2
1¯
= ⊕ n∈Z
n odd
M
(
1,
(b− n)2
2
)
.
Case II. Let λ = 12 , b = n1+
m√
2
for some unique m,n1 ∈ Z with n1 even. Then as Virasoro modules
with central charge c = 1
F
⊗ 1
2
0¯
=

⊕ n∈Z
n even
n6=n1
M
(
1,
(m−√2n)2
4
)⊕(⊕ n≥0
n≥−m
M
(
1,
(m+ 2n)2
4
))
;
F
⊗ 1
2
1¯
= ⊕ n∈Z
n odd
M
(
1,
(m−√2n)2
4
)
.
Case III. Let λ = 12 , b = n1+
m√
2
for some unique m,n1 ∈ Z with n1 odd. Then as Virasoro modules
with central charge c = 1
F
⊗ 1
2
0¯
= ⊕ n∈Z
n even
M
(
1,
(m−√2n)2
4
)
;
F
⊗ 1
2
1¯
=

⊕ n∈Z
n odd
n6=n1
M
(
1,
(m−√2n)2
4
)⊕(⊕ n≥0
n≥−m
M
(
1,
(m+ 2n)2
4
))
.
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We want to finish by showing an application of the above decomposition to calculating directly
a positive sum (fermionic) representation of the characters of the Virasoro modules M
(
1
2 ,
1
2
)
and
M
(
1
2 , 0
)
. We can pick any b and use the Proposition above, together with the observation that
we have a relation between the highest weights for L
1/2
0 and the highest weights for L
λ,b
0 , via the
connection represented by (3.22). In particular for λ = 12 , b = 0 we have L
1
2 ,0(z2) = L1(z2); and from
(3.22) we have that
(3.30) L
1/2
0 = 2L
1
0 +
1
2
hD0 .
Hence we have from Proposition 3.7, Case II with b = 0:
chqM
(1
2
,
1
2
)
= tr
F
⊗ 1
2
1¯
qL
1/2
0 = tr
F
⊗ 1
2
1¯
(q2)L
1
0q
1
2h
D
0 =
∑
n∈Z
n odd
chq2M
(
1,
n2
2
)
q
n
2 =
∑
n∈Z
n odd
qn
2+n2∏∞
i=1(1 − q2i)
.
Here we have used the well known character formula chqM
(
1, n
2
2
)
= q
n2/2
∏
∞
i=1(1−qi) , for n ∈ Z, n 6= 0, and
we recover the formula (3.21) we obtained earlier.
Similarly, using Case II, b = 0 and the formula for chqM
(
1, m
2
4
)
(see e.g. [RC85]):
chqM
(
1,
m2
4
)
=
1∏∞
i=1(1− qi)
(
qm
2/4 − q(m+2)2/4), for m ∈ Z,
we get
chqM
(1
2
, 0
)
= tr
F
⊗ 1
2
0¯
qL
1/2
0 = tr
F
⊗ 1
2
0¯
(q2)L
1
0q
1
2h
D
0 =
∑
n∈Z
n even
n6=0
chq2M
(
1,
n2
2
)
q
n
2 +
∑
n≥0
chq2M
(
1, n2
)
=
∑
n∈Z
n even
n6=0
qn
2+n2∏∞
i=1(1− q2i)
+
∑
n≥0
q2n
2 − q2(n+1)2∏∞
i=1(1− q2i)
=
∑
n∈Z
n even
n6=0
qn
2+n2∏∞
i=1(1− q2i)
+
1∏∞
i=1(1− q2i)
=
∑
n∈Z
n even
qn
2+n2∏∞
i=1(1− q2i)
.
Note that we could have used a generic b, for instance we have
L
1
2 ,− 14 (z2) = L1(z2) +
1
4z3
hD(z) +
1
32z4
, L
1
2 ,− 14
n =
1
2
L
1/2
2n +
1
32
δn,0,
but the resulting character formulas would have been the same.
We want to remark that this application of multi-local Virasoro field representations to calculating
character formulas can be extended more generally to the discrete Virasoro series, not only to the Ising
case of c = 12 . The main new idea is to obtain a decomposition of (the vector space of) the irreducible
modules represented by a one-point local Virasoro field of discrete central charge c = 1− 6(m+2)(m+3)
into irreducible modules represented by a multi-local Virasoro field of charge 1 (or higher).
References
References
[ACJ13] Iana I. Anguelova, Ben Cox, and Elizabeth Jurisich. Representations of a∞ and d∞ with central charge 1
on the Fock space F⊗
1
2 . Journal of Physics: Conference Series, 474(1), 474(1):20, 2013.
[ACJ14] Iana I. Anguelova, Ben Cox, and Elizabeth Jurisich. N-point locality for vertex operators: normal ordered
products, operator product expansions, twisted vertex algebras. J. Pure Appl. Algebra, 218(12):2165–2203,
2014.
[Ang13] Iana I. Anguelova. Twisted vertex algebras, bicharacter construction and boson-fermion correspondences.
J. Math. Phys., 54(12):38, 2013.
[Ang14] Iana I. Anguelova. Boson-fermion correspondence of type D-A and multi-local Virasoro representations on
the Fock space F⊗
1
2 . submitted, arXiv:1406.5158 [math-ph], 2014.
VIRASORO REPRESENTATIONS WITH CENTRAL CHARGES 12 AND 1 ON THE FOCK SPACE F
⊗ 1
2 11
[BF00] Andrei G. Bytsko and Andreas Fring. Factorized combinations of Virasoro characters. Comm. Math. Phys.,
209(1):179–205, 2000.
[BS83] N. N. Bogoliubov and D. V. Shirkov. Quantum fields. Benjamin/Cummings Publishing Co. Inc. Advanced
Book Program, Reading, MA, 1983. Translated from the Russian by D. B. Pontecorvo.
[DJKM81a] Etsuro¯ Date, Michio Jimbo, Masaki Kashiwara, and Tetsuji Miwa. Transformation groups for soliton equa-
tions. III. Operator approach to the Kadomtsev-Petviashvili equation. J. Phys. Soc. Japan, 50(11):3806–
3812, 1981.
[DJKM81b] Etsuro¯ Date, Michio Jimbo, Masaki Kashiwara, and Tetsuji Miwa. Transformation groups for soliton equa-
tions. VI. KP hierarchies of orthogonal and symplectic type. J. Phys. Soc. Japan, 50(11):3813–3818, 1981.
[FF83] B. L. Fe˘ıgin and D. B. Fuks. Verma modules over a Virasoro algebra. Funktsional. Anal. i Prilozhen.,
17(3):91–92, 1983.
[FFR91] Alex J. Feingold, Igor B. Frenkel, and John F. X. Ries. Spinor construction of vertex operator algebras,
triality, and E
(1)
8 , volume 121 of Contemporary Mathematics. American Mathematical Society, Providence,
RI, 1991.
[FFW08] Boris Feigin, Omar Foda, and Trevor Welsh. Andrews-Gordon type identities from combinations of Virasoro
characters. Ramanujan J., 17(1):33–52, 2008.
[FQ97] Omar Foda and Yas-Hiro Quano. Virasoro character identities from the Andrews-Bailey construction.
Internat. J. Modern Phys. A, 12(9):1651–1675, 1997.
[FQS84] Daniel Friedan, Zongan Qiu, and Stephen Shenker. Conformal invariance, unitarity, and critical exponents
in two dimensions. Phys. Rev. Lett., 52(18):1575–1578, 1984.
[Fre81] Igor B. Frenkel. Two constructions of affine Lie algebra representations and boson-fermion correspondence
in quantum field theory. J. Funct. Anal., 44(3):259–327, 1981.
[GKO86] P. Goddard, A. Kent, and D. Olive. Unitary representations of the Virasoro and super-Virasoro algebras.
Comm. Math. Phys., 103(1):105–119, 1986.
[GNO85] P. Goddard, W. Nahm, and D. Olive. Symmetric spaces, Sugawara’s energy momentum tensor in two
dimensions and free fermions. Phys. Lett. B, 160(1-3):111–116, 1985.
[GOS85] P. Goddard, D. I. Olive, and A. Schwimmer. The heterotic string and a fermionic construction of the E8
Kac-Moody algebra. Phys. Lett. B, 157(5-6):393–399, 1985.
[Hua98] Kerson Huang. Quantum field theory. John Wiley & Sons Inc., New York, 1998. From operators to path
integrals.
[Kac80] Victor G. Kac. Highest weight representations of infinite-dimensional Lie algebras. In Proceedings of the
International Congress of Mathematicians (Helsinki, 1978), pages 299–304. Acad. Sci. Fennica, Helsinki,
1980.
[Kac90] Victor G. Kac. Infinite-dimensional Lie algebras. Cambridge University Press, Cambridge, third edition,
1990.
[Kac98] Victor G. Kac. Vertex algebras for beginners, volume 10 of University Lecture Series. American Mathe-
matical Society, Providence, RI, second edition, 1998.
[KKMM93] R. Kedem, T. R. Klassen, B. M. McCoy, and E. Melzer. Fermionic sum representations for conformal field
theory characters. Phys. Lett. B, 307(1-2):68–76, 1993.
[KR87] Victor G. Kac and A. K. Raina. Bombay lectures on highest weight representations of infinite-dimensional
Lie algebras, volume 2 of Advanced Series in Mathematical Physics. World Scientific Publishing Co. Inc.,
Teaneck, NJ, 1987.
[KW94] Victor G. Kac and Weiqiang Wang. Vertex operator superalgebras and their representations. In Mathe-
matical aspects of conformal and topological field theories and quantum groups (South Hadley, MA, 1992),
volume 175 of Contemp. Math., pages 161–191. Amer. Math. Soc., Providence, RI, 1994.
[KWY98] Victor G. Kac, Weiqiang Wang, and Catherine H. Yan. Quasifinite representations of classical Lie subal-
gebras of W1+∞. Adv. Math., 139(1):56–140, 1998.
[LL04] James Lepowsky and Haisheng Li. Introduction to vertex operator algebras and their representations,
volume 227 of Progress in Mathematics. Birkha¨user Boston Inc., Boston, MA, 2004.
[RC85] A. Rocha-Caridi. Vacuum vector representations of the Virasoro algebra. In Vertex operators in mathemat-
ics and physics (Berkeley, Calif., 1983), volume 3 of Math. Sci. Res. Inst. Publ., pages 451–473. Springer,
New York, 1985.
[RT12] Karl-Henning Rehren and Gennaro Tedesco. Multilocal fermionization. Letters in Mathematical Physics,
pages 1–18, September 2012.
[Wan99a] Weiqiang Wang. Dual pairs and infinite dimensional Lie algebras. In Recent developments in quantum
affine algebras and related topics (Raleigh, NC, 1998), volume 248 of Contemp. Math., pages 453–469.
Amer. Math. Soc., Providence, RI, 1999.
[Wan99b] Weiqiang Wang. Duality in infinite-dimensional Fock representations. Commun. Contemp. Math., 1(2):155–
199, 1999.
[Wel05] Trevor A. Welsh. Fermionic expressions for minimal model Virasoro characters. Mem. Amer. Math. Soc.,
175(827):viii+160, 2005.
Department of Mathematics, College of Charleston, Charleston SC 29424
E-mail address: anguelovai@cofc.edu
